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Abstract
We solve the path integral of the relativistic Coulomb system and extract





1) While the path integral of the nonrelativistic Coulomb system is textbook material [1],
the relativistic problem has not yet been solved. The purpose of this note is to ll this gap.













































= h=Mc in (1) is the Compton wavelength ensuring for the correct normal-
ization of the amplitude, and [] denotes a convenient gauge-xing functional, for instance
[] = [  1] which xes () to unity everywhere.




















Inserted this back into (2) makes A coincide with A
cl
.
Both are invariant under reparametrizations
! f(); (5)















































































































































































The Gaussian integrals over x
n









































The amplitude (12) does not depend on the function () but only on L. This is a
reection of the reparametrization invariance of the path integral. While the total -interval
changes under the transformation, the total length L of (14) is invariant under the joint
transformations (5) and (6). This invariance permits only the invariant length L to appear
in the integrated expression (12). The gauge function [] in (1) removes the arbitrariness of
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which is the Klein-Gordon Green function. Thus the path integral (1) renders a correct
description of free uctuating relativistic particle orbits.

























Its poles and its cut along the energy axis contain all information on the bound and contin-


















































This is seen by writing the x
4
-part of the sliced four-dimensional action (11) in the canonical
form (8). An integration over all x
4
n
-variables produces n -functions. These remove the
integrals over the momentum variable p
4
n
, leaving only a single integral over a common p
4
.
The Laplace transform (17), nally, removes also this integral, making p
4
equal to  iE=c.
In the continuum limit, we thus obtain the action (19).
The path integral (18) forms the basis for studying relativistic particles in an external
time-independent potential V (x). This is introduced into the path integral (18) by simply
substituting the energy E by E   V (x).
4
3) For an attractive Coulomb potential, the above substitution changes the second term in

















The associated path integral is calculated via a Duru-Kleinert transformation [2] as follows:
First, we increase the three-dimensional conguration space in a trivial way by a
dummy forth component x
4
. The additional variable x
4










(see Eqs. (13.114) and (13.121) in Ref. [1]). Then we per-













, with the vector symbol indicating










































We now choose the gauge () = 1, and go from  to a new parameter s via the time
transformation d = fds with f = ~u
2









































It describes a particle of mass  = 4M moving as a function of the \pseudotime" s in a






































Here  denotes the feinstructure constant   e
2











If we ignore, for a moment, the centrifugal barrier V
extra
, the solution of the path integral



































0) is the time evolution amplitude of the four-dimensional harmonic oscillator.
There are no time-slicing corrections for the same reason as in the three-dimensional

































































































































































































































At this place, the additional centrifugal barrier (24) is incorporated via the replacement
2l + 1! 2
~







































(compare Eq. (9.52) in Ref. [1]). This xed-energy amplitude has poles in the Gamma
function whenever   
~
l   1 = 0; 1; 2; : : : . These determine the bound state energies of the























, with n = l+ 1; l+2; l+3; : : : , and









































Note the appearance of the plus-minus sign as a characteristic property of energies in rel-
ativistic quantum mechanics. A correct interpretation of the negative energies as positive
energies of antiparticles is straightforward within quantum eld theory; it will not be dis-
cussed here.





















































with the radial quantum number n
r
= n   l   1. In analogy with a corresponding nonrela-

















denotes a modied energy-dependent Bohr radius. Instead of being 1=  137 times the
Compton wave length of the electron h=Mc, the modied Bohr radius sets the length scale
of relativistic bound states in terms of the energy E, the length scale being equal to 1=
times hc=E.


































Using this behavior and some properties of the Whittaker functions (see Eqs. (9.73) and
(9.75) in Ref. [1]), we write the contribution of the bound states to the spectral representation



































) + : : : : (43)
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M( n+ l + 1; 2
~





















































The continuous wave functions are obtained in the same way as in the non-relativistic
case (see Eqs. (13.211){(13.219) in Ref. [1]).
This concludes the solution of the path integral of the relativistic Coulomb system.
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